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ON STRONGLY QUASI-HEREDITARY ALGEBRAS
MAYU TSUKAMOTO
Abstract. Let A be a finite dimensional algebra over an algebraically closed field k.
If A is quasi-hereditary and the projective dimensions of all standard modules are at
most one, then A is called left strongly quasi-hereditary. In this paper, we construct a
special heredity chain for left strongly quasi-hereditary algebras. Moreover, we show the
quotient algebra by an ideal which appears in a special heredity chain of left strongly
quasi-hereditary algebra is also left strongly quasi-hereditary algebra.
1. introduction
1.1. Quasi-hereditary algebras. Quasi-hereditary algebras were introduced by Scott
[Sco87] to study highest weight categories in the representation theory of semisimple com-
plex Lie algebras and algebraic groups. Cline, Parshall and Scott proved many important
results in [CPS88], see also [PS88]. In [DR89c], for a semiprimary ring, Dlab and Ringel
gave another definition of quasi-hereditary by using an ideal chain.
Definition 1.1 (Dlab-Ringel [DR89c],Cline-Parshall-Scott[CPS88]). Let R be a semipri-
mary ring.
(1) A two-sided ideal H of R is called a heredity ideal of R if it satisfies the following
conditions:
(a) H is a projective module as left R-modules;
(b) HomR(H,R/H) = 0;
(c) HJ(R)H = 0, where J(R) is the Jacobson radical of R.
(2) A chain of two-sided ideals of a semiprimary ring R
R = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0
is called a heredity chain if Hi/Hi+1 are heredity ideals in R/Hi+1 for 0 ≤ i < n.
(3) R is called a hereditary ring if there exists a heredity chain.
From this definition, it immediately follows that if R is quasi-hereditary and H appears
in a heredity chain of R, then R/H is also quasi-hereditary. In [DR89c], they showed that
all semiprimary rings of global dimension at most two are quasi-hereditary. In particular,
the Auslander algebra of a finite-representation type is also quasi-hereditary. In [DR89a],
various kinds of “splitting filtration” and associated heredity chains are studied.
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1.2. Left strongly quasi-hereditary algebras. Left strongly quasi-hereditary algebras
and right strongly quasi-hereditary algebras were introduced by Ringel [Rin10] as a special
class of quasi-hereditary algebras to give a concise proof of Iyama’s finiteness theorem
[Iya03a]. This theorem states that every finitely generated module over an artin algebra Γ
is a direct summand of some modules whose endomorphism ring Σ is quasi-hereditary, with
a heredity chain of length n, and the global dimension of Σ is bounded by n. One can regard
this result as a generalization of [DR89b]. In general, given a quasi-hereditary algebra with
a heredity chain of length n, it is known that its global dimension is bounded by 2n − 2.
Ringel proved that the ring Σ in Iyama’s finiteness theorem is not only quasi-hereditary,
but even left strongly quasi-hereditary in [Rin10].
Let Λw be the finite dimensional quotient algebra of the preprojective algebra associated
with an element w in the Coxeter group. We denote by SubΛw the category of free Λw-
modules of finite rank. For a standard cluster tilting object M ∈ SubΛw, the 2-Auslander
algebra EndΛw(M) is a left strongly quasi-hereditary algebra [IR11]. Geiss, Leclerc and
Schro¨er found this result more previously for adaptable elements w of the Coxeter group
[GLS07].
If Q is a finite quiver without loops, then there exists an admissible ideal I such that the
algebra kQ/I has the global dimension at most two and is a left strongly quasi-hereditary
algebra [DR89d, Theorem 3], see also [HZ13, Theorem 3.1] and [Poe10, Theorem 1. (a)].
1.3. Main results. The aim of this paper is to establish the following results.
Theorem (Theorem 3.10). Let A be a finite dimensional algebra over an algebraically
closed field k. A is a left (resp. right) strongly quasi-hereditary algebra if and only if there
exists a heredity chain
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0
such that, for any 0 ≤ i < n, the projective dimension of Hi/Hi+1 as left (resp. right)
A-modules is at most one.
From Theorem 1.3, we give the following definition.
Definition (Definition 3.11). Let A be a left (resp. right) strongly quasi-hereditary algebra
with a heredity chain
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0
such that, for any 0 ≤ i < n, the projective dimension of Hi/Hi+1 as left (resp. right)
A-modules is at most one. We call such a chain of two-sided ideals a left (resp. right)
strongly heredity chain of A.
Theorem (Theorem 3.13). Let A be a left (resp. right) strongly quasi-hereditary algebra
over an algebraically closed field k with a left (resp. right) strongly heredity chain
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0.
Then A/Hi is again a left (resp. right) strongly quasi-hereditary algebra for 0 ≤ i ≤ n.
From Theorem 1.3, we give the following definition.
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Definition (Definition 3.14). We say that a finite dimensional algebra A is strongly quasi-
hereditary if there exists a heredity chain
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0
such that, for any 0 ≤ i < n, the projective dimension of Hi/Hi+1 as left A-modules and
the projective dimension of Hi/Hi+1 as right A-modules are at most one. We call the above
heredity chain a strongly heredity chain of A.
In [Rin10], he proved that if A is strongly quasi-hereditary, then the global dimension
of A is at most two. However the question of whether every finite dimensional algebra of
global dimension at most two is strongly quasi-hereditary is answered in the negative by
providing an example of an Auslander algebra which is not strongly quasi-hereditary.
2. Preliminaries
In this section, we recall the definition of quasi-hereditary algebra and prove some lemmas
needed later. We shall use the same notation as in [Don98, Appendix].
2.1. Definitions and basic properties. Let A be a finite dimensional algebra over an
algebraically closed field k. Let J be the Jacobson radical of A. We fix a set of isomorphism
classes of simple A-modules {L(λ) | λ ∈ Λ} and fix a partial ordering ≤ on the index set
Λ. For λ ∈ Λ, we denote by P (λ) the projective cover of L(λ). We write Amod for the
category of finitely generated left A-modules and, for X ∈ Amod, we write [X : L(λ)] for
the composition multiplicity of L(λ). Let π be a subset of the index set Λ. For X ∈ Amod,
we denote by Oπ(X) a unique minimal submodule of X such that all composition factors
of X/Oπ(X) belong to {L(λ) | λ ∈ π}. Sending an A-module M to Oπ(M) yields the
functor Oπ : Amod → Amod. Note that Oπ is a right exact functor. Since Oπ(A) is a
two-sided ideal of A, we set A(π) := A/Oπ(A).
Lemma 2.1 (cf. Donkin [Don98, A.1]). Let π be a subset of Λ. For X ∈ Amod, we have
Oπ(X) = Oπ(A).X. In particular, if all composition factors of X belong to {L(λ) | λ ∈ π},
then Oπ(X) = 0.
We regard X/Oπ(X) as A(π)-modules for X ∈ Amod. Note that {L(λ) | λ ∈ π} is a
set of isomorphism classes of simple A(π)-modules, and P (λ)/Oπ(P (λ)) is the projective
cover of L(λ) as left A(π)-modules.
Definition 2.2. For λ ∈ Λ, we put π(λ) := {µ ∈ Λ | µ < λ}. We define ∆(λ) =
P (λ)/Oπ(JP (λ)) for all λ ∈ Λ and call the modules ∆(λ) the standard modules.
Remark 2.3. Let ∆ := {∆(λ) | λ ∈ Λ} be the set of standard modules. We denote by
F(∆) the full subcategory of Amod of modules which have a filtration with factors in ∆.
Thus M ∈ F(∆) if and only if M has a submodule series M = M0 ⊇ M1 ⊇ · · · ⊇ Ml = 0
such that Mi/Mi+1 is isomorphic to a module in ∆.
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ForM ∈ F(∆), the element [M ] in the Grothendieck group K0(A) of Amod correspond-
ing to M can be written as
[M ] =
∑
λ∈Λ
mλ[∆(λ)] =
∑
µ∈Λ
(
∑
λ∈Λ
mλ[∆(λ) : L(µ)])[L(µ)].
If [∆(λ) : L(µ)] 6= 0, then we have µ ≤ λ. Thus the coefficients mλ are uniquely determined
(cf. [Don98, A.1 (7)]). In other words, the filtration multiplicities and the length of ∆-
filtration do not depend on the choice of ∆-filtration. Thus we denote by (M : ∆(λ)) for
the filtration multiplicity of ∆(λ) and denote by fl(M) the length of ∆-filtration of M .
Definition 2.4 (Cline-Parshall-Scott [CPS88]). We say that a pair (Amod,≤) is a highest
weight category if for any λ ∈ Λ there exists a short exact sequence
0→ K(λ)→ P (λ)→ ∆(λ)→ 0
with the following properties:
(a) K(λ) ∈ F(∆) for any λ ∈ Λ;
(b) if (K(λ) : ∆(µ)) 6= 0, then we have λ < µ.
Remark 2.5. (Amod,≤) is a highest weight category if and only if A is a quasi-hereditary
algebra [CPS88, Theorem3.6]. Thus the highest weight category (Amod,≤) and the quasi-
hereditary algebra A can be regarded interchangeably.
Lemma 2.6 (cf. Donkin [Don98, Proposition A. 2.2]). Let (Amod,≤) be quasi-hereditary.
For X ∈ Amod and λ ∈ Λ, if Ext1A(∆(λ), X) 6= 0, then X has a composition factor L(µ)
with µ > λ.
For a subset π ⊆ Λ, π is called a poset ideal if λ ∈ Λ whenever λ < µ and µ ∈ π.
Lemma 2.7 (cf. Donkin [Don98, LemmaA 3.1]). We assume that (Amod,≤) is quasi-
hereditary. Let π be a poset ideal of Λ. Then for X ∈ F(∆), we have Oπ(X), X/Oπ(X) ∈
F(∆). Moreover
(X/Oπ(X) : ∆(λ)) =
{
(X : ∆(λ)), λ ∈ π;
0, otherwise.
2.2. From the rest of this section, we assume that A is a quasi-hereditary algebra with a
heredity chain A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0. For 1 ≤ j < n, we put
Fj := A/Hj ⊗A −. Then Fj are the right exact functors from Amod to A/Hj mod.
Lemma 2.8. Let λ, µ, ν ∈ Λ. If Fj(L(λ)) = L(λ) and µ < λ, then we have Fj(L(µ)) =
L(µ) for 1 ≤ j < n. If Fj(L(λ)) = 0 and λ < ν, then we have Fj(L(ν)) = 0 for 1 ≤ j < n.
Proof. For the functor Fj , there exists a poset ideal πj ⊆ Λ such that Fj(M) = M/O
πj(M)
for any M ∈ Amod. Thus the assertion holds. 
Lemma 2.9. We fix an element λ ∈ Λ such that Fj(L(λ)) = L(λ). We denote by ι :
K(λ) →֒ P (λ) the inclusion map. Then Fj(ι) : Fj(K(λ)) →֒ Fj(P (λ)) is injective for
1 ≤ j < n.
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Proof. We denote by ι|HK(λ) the restriction of ι to HK(λ). First, we prove H∆(λ) = 0 to
show that ι|HK(λ) is a surjection. Let L(µ) be a composition factor of ∆(λ). Then it follows
from the condition (b) and Lemma 2.8 that we deduce Fj(L(µ)) = L(µ). Since we have
H∆(λ) = 0, ι|HK(λ) is surjective. Therefore we deduce Fj(ι) is injective for 1 ≤ j < n. 
In the following, We write LiFj for the i-th left derived functor of Fj . In the case i = 1,
we write LFj .
Lemma 2.10. The functors Fj on F(∆) are exact functors for 1 ≤ j < n.
Proof. Let M ∈ F(∆). We show that LiFj(M) = 0 for 1 ≤ j < n by induction on i.
Firstly, we show this statement in the case i = 1 by induction on fl(M). If fl(M) = 1,
then there exists λ ∈ Λ such that ∆(λ) is isomorphic to M , and there exists the following
short exact sequence:
(2-1) 0→ K(λ)
ι
−→ P (λ)→ ∆(λ)→ 0.
Thus we have
0→ LFj(∆(λ))→ Fj(K(λ))
Fj(ι)
−−−→ Fj(P (λ))→ Fj(∆(λ))→ 0
for 1 ≤ j < n. We assume that Fj(L(λ)) = 0. Then we deduce from Lemma 2.8 and the
condition (b) that if (K(λ) : ∆(µ)) 6= 0, then Fj(L(µ)) = 0. Thus we have Fj(∆(µ)) =
0 and we deduce from induction on the filtration length of K(λ) that Fj(K(λ)) = 0.
Therefore we have LFj(∆(λ)) = 0. Let Fj(L(λ)) = L(λ). Then it follows from Lemma 2.9
that Fj(ι) is injective. Thus we deduce LFj(∆(λ)) = 0.
We assume that fl(M) > 1. Then there exists a standard module ∆(λ) and a factor
module Q of M such that
(2-2) 0→ ∆(λ)→ M → Q→ 0
is a short exact sequence. Since LFj(∆(λ)) = 0, we have
0→ LFj(M)→ LFj(Q)→ Fj(∆(λ))→ Fj(M)→ Fj(Q)→ 0.
Therefore we deduce from the induction hypothesis that LFj(M) = 0.
Secondly, we also show the assertion in the case i > 1 by induction on fl(M). If
fl(M) = 1, then there exists λ ∈ Λ such that ∆(λ) is isomorphic to M . Thus we have
Li+1Fj(∆(λ)) ∼= LiFj(K(λ)) from the short exact sequence (2-1). Therefore the assertion
follows from the induction hypothesis.
If fl(M) > 1, then we have
· · · → Li+1Fj(∆(λ))→ LiFj(M)→ LiFj(Q)→ LiFj(∆(λ))→ · · ·
from the short exact sequence (2-2). Thus LiFj(M) ∼= LiFj(Q) for all i ≥ 2. Therefore
the assertion follows from the induction hypothesis. 
Proposition 2.11. The functors Fj |A/Hj mod : A/Hj mod → A/Hj mod are exact for
1 ≤ j < n.
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Proof. Let Y ∈ A/Hj mod. We show that LiFj(Y ) = 0 for 1 ≤ j < n by induction
on i. Let L(λ) be a composition factor of Y . For our aim, it is sufficient to show that
LiFj(L(λ)) = 0 for i > 0. If i = 1, then there exists a submodule K of ∆(λ) such that
(2-3) 0→ K → ∆(λ)→ L(λ)→ 0
is a short exact sequence. This short exact sequence (2-3) induces the long exact sequence
as follows:
· · · → LFj(∆(λ))→ LFj(L(λ))→ Fj(K)→ Fj(∆(λ))→ Fj(L(λ))→ 0.
We deduce from Lemma 2.10 that LFj(∆(λ)) = 0. If Fj(L(λ)) = 0, then Fj(K) = 0
because of Lemma 2.8 and the condition (b). Hence we have LFj(L(λ)) = 0. We assume
that Fj(L(λ)) = L(λ). Then it follows from Lemma 2.8 and the condition (b) that Fj(K) =
K and Fj(∆(λ)) = ∆(λ). Thus we deduce LFj(∆(λ)) = 0.
If i > 1, then the short exact sequence (2-3) induces the exact sequence as follows:
· · · → Li+1Fj(∆(λ))→ Li+1Fj(L(λ))→ LiFj(K)→ LiFj(∆(λ))→ · · · .
Then it follows from Lemma 2.10 that
Li+1Fj(L(λ)) ∼= LiFj(K).
Thus we deduce Li+1Fj(L(λ)) = 0 by the induction hypothesis. 
Lemma 2.12. Let X, Y ∈ A/Hj mod. Then we have
TorAi (X, Y )
∼= Tor
A/Hj
i (X, Y )
for any i > 0 and 1 ≤ j < n.
Proof. For X ∈ modA/Hj , we define the functors Gj := X ⊗A/Hj −. Then Gj are right
exact functors from A/Hj mod to kmod. For 1 ≤ j < n, Fj(P ) is a Gj-acyclic for all
projective objects P in Amod. Thus there exists a Grothendieck spectral sequence (for
example, see [CE56]) E = (Erp,q, En) of Amod such that for each Y ∈ Amod, the following
holds:
E2p,q
∼= TorA/Hjp (X,LqFj(Y )), En = Tor
A
p+q(X, Y ).
Moreover it follows from Lemma 2.11 that LiFj(Y ) = 0 for i > 0 and 1 ≤ j < n. Therefore
the assertion holds. 
Lemma 2.13. Let X ∈ A/Hj mod, Y ∈ Amod. Then we have
ExtA(X, Y ) ∼= ExtA/Hj (X,Fj(Y ))
for any i ≥ 0.
Proof. For X ∈ A/Hj mod,
HomA/Hj (X,−) : A/Hj mod→ kmod
is a left exact functor and Fj(I) is HomA/Hj(X,−)-acyclic for any injective object I in
Amod. Moreover we have HomA/Hj (X,−) ◦ Fj = HomA(X,−). Thus there exists a
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Grothendieck spectral sequence E = (Ep,qr , E
n) of Amod such that for each Y ∈ Amod,
the following holds:
Ep,q2
∼= Ext
p
A/Hj
(X,RqFj(Y )), E
n = Extp+qA (X, Y ).
Therefore the proof is done. 
3. Main results
3.1. Ideal chains for left strongly quasi-hereditary algebras.
Definition 3.1 (Ringel[Rin10, Definition in §4]). We say that a pair (Amod,≤) is left
strongly quasi-hereditary if for any λ ∈ Λ there exists a short exact sequence
0→ K(λ)→ P (λ)→ ∆(λ)→ 0
with following properties:
(a) K(λ) ∈ F(∆) for all λ ∈ Λ;
(b) if (K(λ) : ∆(µ)) 6= 0, then we have λ < µ;
(c) K(λ) is a projective left A-module.
Remark 3.2 (Ringel[Rin10, Proposition in §4]). If (Amod,≤) is left (resp. right) strongly
quasi-hereditary, then (Amod,≤) is quasi-hereditary.
Example 3.3. We assume that a natural number e is greater than or equal to two. Let
Ae be the algebra over an algebraically closed field defined by the following quiver
1
α1
⇄
β1
· · ·
αi−1
⇄
βi−1
i
αi
⇄
βi
i+ 1
αi+1
⇄
βi+1
· · ·
αe−1
⇄
βe−1
e
with relations αiαi−1, βi−1βi, αi−1βi−1 − βiαi for 2 ≤ i ≤ e− 1 and αe−1βe−1.
If e = 2, then A2 is a left strongly quasi-hereditary algebra with respect to {1 < 2}. If
e > 2, then Ae is a quasi-hereditary algebra with respect to {1 < 2 < · · · < e}. However
Ae cannot be a left strongly quasi-hereditary algebra.
Remark 3.4. In general, A is quasi-hereditary if and only if Aop is quasi-hereditary [CPS88,
Lemma 3.4]. However opposite algebras of left strongly quasi-hereditary algebras are not
always left strongly quasi-hereditary.
Definition 3.5 (Ringel[Rin10]). A is called right strongly strongly quasi-hereditary if the
conditions of Definition 3.1 hold for Aopmod.
Example 3.6. Let B be the algebra over a field defined by the following quiver
1
γ
❂
❂❂
❂❂
❂❂
2
α
@@✁✁✁✁✁✁✁
3
β
oo
with relations γα, αβ. Then B is left strongly quasi-hereditary with respect to {1 < 2 < 3},
but Bop is not left strongly quasi-hereditary with respect to {1 < 2 < 3}. However Bop
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is left strongly quasi-hereditary with respect to {2 < 1 < 3}. In fact, B and Bop are not
left strongly quasi-hereditary with respect to the same ordering. Thus B is not strongly
quasi-hereditary.
Remark 3.7. In [Rin10], Ringel showed that if A is left strongly quasi-hereditary and right
strongly quasi-hereditary with respect to the same ordering, then gldimA ≤ 2.
From now on, we construct a special heredity chain for left strongly quasi-hereditary
algebras. This is an analogue of the construction of a heredity chain for quasi-hereditary
algebras (cf. [Don98, Appendix]).
Proposition 3.8. Let A be a finite dimensional algebra over an algebraically closed field
k. Let (Amod,≤) be left (resp. right) strongly quasi-hereditary. We replace Λ by a totally
ordered refinement, that is, i < j if λi < λj. We put n := |Λ| and π(i) := {λ1, · · · , λi} for
1 ≤ i ≤ n. Then
A > Oπ(1)(A) > · · · > Oπ(i)(A) > · · · > Oπ(n)(A) = 0
is a heredity chain of A and the projective dimensions of Oπ(i)(A)/Oπ(i+1)(A) as left (resp.
right) A-modules are at most one for 1 ≤ i < n.
Proof. Let µ be a maximal element of Λ. We set σ := Λ \ {µ}. Firstly, we show that
Oσ(A) is a heredity ideal in A. Since A ∈ F(∆), it follows from Lemma 2.7 that Oσ(A)
also belongs to F(∆). Thus all filtration factors of Oσ(A) are isomorphic to ∆(µ). We
assume that there exists a submodule X of Oπ(A) such that Ext1A(∆(µ), X) 6= 0. Then
there exists a composition factor L(ν) with ν > µ because of Lemma 2.6, a contradiction.
Thus we have Oσ(A) = ⊕∆(µ) inductively. Since µ is a maximal element, ∆(µ) is a
projective module, and also for Oσ(A). We have HomA(O
σ(A), A/Oσ(A)) = 0 because
dimHomA(P (µ), A/O
σ(A)) = [A/Oσ(A) : L(µ)] = 0. It follows from the condition (a)
that all indices of composition factors of J∆(µ) belong to σ. We have Oσ(A)JOσ(A) = 0
since it deduces from Lemma 2.1 that Oσ(A)J∆(µ) = Oσ(J∆(µ)) = 0.
Secondly, we show that Oπ(i)(A)/Oπ(i+1)(A) is a heredity ideal in A(π(i + 1)). Since
A(π(i + 1)) is quasi-hereditary with respect to the induced ordering on π(i + 1), we can
also show that Oπ(i)(A)/Oπ(i+1)(A) = Oπ(i)(A(π(I + 1))) is a heredity ideal in A(π(i+ 1))
like the above discussion.
Finally, we show that the projective dimensions of Oπ(i)(A)/Oπ(i+1)(A) as left A-modules
are at most one. From Lemma 2.7, we have Oπ(i)(A(π(i + 1))) ∈ F(∆). Thus we deduce
from the condition (b) that the projective dimensions ofOπ(i)(A(π(i+1))) as left A-modules
are at most one. Similarly, we obtain the assertion of right strongly quasi-hereditary
algebras. 
Proposition 3.9. Let A be a finite dimensional algebra over an algebraically closed field
k. If there exists a heredity chain of A
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0
such that, for any 0 ≤ i < n, the projective dimension of Hi/Hi+1 as left (resp. right) A-
modules is at most one. Then A is left (resp. right) strongly quasi-hereditary with respect
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to the following order  : We put Λ(i) := {λ ∈ Λ|[S/Hi : L(λ)] 6= 0}, for 1 ≤ i ≤ n, and
Λ(0) := ∅. For λ ∈ Λ, we define a positive integer r(λ) to satisfy λ ∈ Λ(r(λ))\Λ(r(λ)−1).
Then we define λ  µ if r(λ) ≤ r(µ).
Proof. Since A has a heredity chain, it is enough to show that the projective dimensions of
standard modules are at most one. We show that Hi = O
Λ(i)(A) by decreasing induction
on i. If i = n− 1, then we have Hn−1 =
⊕
λ∈Λ
P (λ)dλ. Since dimHomA(Hn−1, A/Hn−1) = 0,
we deduce
Hn−1 =
⊕
λ∈Λ\Λ(n−1)
P (λ)dλ = OΛ(n−1)(A).
We assume that Hj = O
Λ(j)(A) for all j ≥ i+ 1. Then we deduce
Hi/Hi+1 = O
Λ(i)(A/Hi+1)
= OΛ(i)(A/OΛ(i+1)(A)).
Since Hi/O
Λ(i+1)(A) = OΛ(i)(A)/OΛ(i+1)(A), we have Hi = O
Λ(i)(A). It follows from
Lemma 2.7 that
(OΛ(i)(A)/OΛ(i+1)(A) : ∆(λ)) = (OΛ(i)(A)/OΛ(i+1)(OΛ(i)(A)) : ∆(λ))
=
{
(OΛ(i)(A) : ∆(λ)), λ ∈ Λ(i+ 1);
0, otherwise.
On the other hand, if (OΛ(i)(A) : ∆(λ)) 6= 0, then λ /∈ Λ(i). Thus it follows that r(λ) = i+1
whenever (OΛ(i)(A)/OΛ(i+1)(A) : ∆(λ)) 6= 0. Similarly, we deduce that the projective
dimensions of standard modules as right A-modules are at most one. 
Combining Proposition 3.8 and Proposition 3.9, we have the following theorem.
Theorem 3.10. Let A be a finite dimensional algebra over an algebraically closed field
k. A is a left (resp. right) strongly quasi-hereditary algebra if and only if there exists a
heredity chain
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0
such that, for any 0 ≤ i < n, the projective dimension of Hi/Hi+1 as left (resp. right)
A-modules is at most one.
From Theorem 3.10, we give the following definition.
Definition 3.11. Let A be a finite dimensional algebra over an algebraically closed field
k
(1) If A has a heredity chain of A
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0
such that, for any 0 ≤ i < n, the projective dimension of Hi/Hi+1 as left (resp. right)
A-modules is at most one. Such a heredity chain is called a left (resp. right) strongly
heredity chain of A.
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(2) We say that A is a left (resp. right) strongly quasi-hereditary algebra if there exits a
left (resp. right) strongly heredity chain of A.
Remark 3.12. If A has a left (resp. right) strongly heredity chain A = H0 > H1 > · · · >
Hi > Hi+1 > · · · > Hn = 0, then we deduce that Hi are projective modules as left (resp.
right) A-modules for 0 ≤ i ≤ n inductively. We assume that A has a heredity chain
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0 such that, for any 0 ≤ i ≤ n, Hi
is a projective module as left (resp. right) A-modules. Then the projective dimension of
Hi/Hi+1 are at most one for any 0 ≤ i < n.
Thus we say that A is a left (resp. right) strongly quasi-hereditary algebra if A has a
heredity chain A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0 such that, for any
0 ≤ i ≤ n, Hi is a projective module as left (resp. right) A-modules.
Theorem 3.13. Let A be a left (resp. right) strongly quasi-hereditary algebra over an
algebraically closed field k with a left (resp. right) strongly heredity chain
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0.
Then A/Hi is again a left (resp. right) strongly quasi-hereditary algebra for 0 ≤ i < n.
Proof. From Theorem 3.10, we write
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0
for a left strongly heredity chain of A. Then
A/Hi = H0/Hi > H1/Hi > · · · > Hi/Hi = 0
is a heredity chain of A/Hi.
Thus it is enough to show that the projective dimensions of Hj/Hj+1 as left A/Hi-
modules are at most one for 1 ≤ j ≤ i− 1. Since the projective dimension of Hj/Hj+1 as
left A-modules is at most one, we write
0→ P1 → P0 → Hj/Hj+1 → 0
for a projective resolution of Hj/Hj+1 as left A-modules. It follows from Lemma 2.12 that
A/Hi ⊗A − is an exact functor. Therefore
0→ A/Hi ⊗A P1 → A/Hi ⊗A P0 → A/Hi ⊗A Hj/Hj+1 → 0
is a projective resolution of Hj/Hj+1 as left A/Hi-modules. Thus we have
proj.dimA/HiHj/Hj+1 ≤ proj.dimAHj/Hj+1 ≤ 1.
Similarly, we obtain the assertion of right strongly quasi-hereditary algebras. 
3.2. Strongly quasi-hereditary algebras. From Theorem 3.10, we give the following
definition:
Definition 3.14. Let A be a finite dimensional algebra over an algebraically closed field
k.
(1) If A has a heredity chain of A
A = H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0
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such that, for any 0 ≤ i < n, the projective dimension of Hi/Hi+1 as left A-modules and
the projective dimension of Hi/Hi+1 as right A-modules are at most one. Such a heredity
chain is called a strongly heredity chain of A.
(2) We say that A is a strongly quasi-hereditary algebra if there exits a strongly heredity
chain of A.
Remark 3.15. Let A be a finite dimensional algebra with a strongly heredity chain A =
H0 > H1 > · · · > Hi > Hi+1 > · · · > Hn = 0. Then it follows from Theorem 3.13
that A/Hi is again strongly quasi-hereditary, similarly to the definition of quasi-hereditary
algebra by Dlab and Ringel [DR89c].
Remark 3.16. It deduces from [DR89c, Theorem 1] that A is heredity if and only if any
chain of idempotent ideals of A is a strongly heredity chain of A.
Most of the proof follows from [DR89c, Theorem 1]. Let A be hereditary. Then any
chain of idempotent ideals of A becomes a heredity chain of A by [DR89c, Theorem 1].
Moreover it follows from the assumption that the projective dimensions of the quotients of
ideals are at most one. Since a strongly heredity chain is a special case of a heredity chain,
the converse is also true.
Example 3.17. Let A be the Auslander algebra of the truncated polynomial algebra
k[x]/(x3). Then A is the algebra over an algebraically closed field k defined by the following
quiver
1
α1
⇄
β1
2
α2
⇄
β2
3
with relations α1β1 − β2α2, α2β2. Then A has the following strongly heredity chain:
A > A(e2 + e3)A > Ae3A > 0.
If A is strongly quasi-hereditary, then the global dimension of A is at most two [Rin10].
However the question of whether every finite-dimensional algebra of global dimension at
most two is strongly quasi-hereditary is answered in the negative by providing the following
example.
Example 3.18. Let Q be the quiver 1 ← 2 → 3 whose underlying graph is the Dynkin
graph A3 and let A be the Auslander algebra of kQ. Then A is the algebra over an
algebraically closed field k defined by the following quiver
1
α
❂
❂❂
❂❂
❂❂
4
ǫ
❂
❂❂
❂❂
❂❂
2
β
@@✁✁✁✁✁✁✁
δ
❂
❂❂
❂❂
❂❂
6
3
γ
@@✁✁✁✁✁✁✁
5
ϕ
@@✁✁✁✁✁✁✁
with relations βα, δγ and ǫβ−ϕδ. The global dimension of A is two. However we can not
construct a strongly heredity chain of A. Thus the converse of Ringel’s Theorem [Rin10]
in not true.
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Remark 3.19. If the global dimension of A is at most two, then A is a left (resp. right)
strongly quasi-hereditary algebra. The most of the proof follows from [Iya03b, Theorem
3.6]. He showed that if A has global dimension at most two, then the category of finitely
generated projective A-modules has a complete total left (resp. right) rejective chain. It
can be shown that the category of finitely generated projective A-modules has a complete
total left (resp. right) rejective chain if and only if A is a left (resp. right) strongly quasi-
hereditary algebra.
Remark 3.20. It is known that a Ringel dual of a left strongly quasi-hereditary algebra is
right strongly quasi-hereditary [Rin10]. Thus the Ringel self dual algebras which are left
strongly quasi-hereditary are strongly quasi-hereditary and they have global dimension at
most two. Consequently, from Remark 3.19 it follows that for a Ringel self dual algebra
A, A has global dimension at most two if and only if A is a (left) strongly quasi-hereditary
algebra.
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